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Abstract 
Recently, some sufficient conditions for a digraph to have maximum connectivity or high 
superconnectivity have been given in terms of a new parameter which can be thought of as 
a generalization of the girth of a graph. In this paper similar results are derived for bipartite 
digraphs and graphs showing that, in this case, all the known conditions can be improved. As a 
corollary, it is shown that any bipartite graph of girth g and diameter D < g - 2 (respectively 
D < g - 1) has maximum vertex-connectivity (respectively maximum edge-connectivity). This 
implies a result of Plesnik and Z&n stating that any bipartite graph with diameter three is 
maximally edge-connected. 
1. Notation and basic results 
In this paper G = (V,E) stands for a simple digraph, i.e. without loops or multiple 
edges, with set of vertices V = V(G) and set of (directed) edges E = E(G). If G is 
bipartite we will write V = VoU VI, where VO and VI denote the partite sets of vertices. 
If x E V, let T-(X) and r+(x) denote, respectively, the sets of vertices adjacent to 
and from x. Their cardinalities are the in-degree of x, 6-(x) = (r-(x)1, and the OUT- 
degree of x, 6+(x) = IT+(x)\. Th e minimum degree of G, 6 = 6(G), is the minimum 
over all the in-degrees and out-degrees of the vertices of G. For any pair of vertices 
x, y E V, a path xx1 x2 . . .x,-l y from x to y, with not necessarily different vertices, is 
called an x + y path. The distance from x to y is denoted by dG(x, y) = d(x, y), and 
D = D(G) = maxX,Y,V {d(x, y)} stands for the diameter of G. The distance from x 
to F c V, denoted by d&F), is the minimum over all the distances d(x,f), f E F. 
The distance from F to x, d(F,x), is defined analogously. We say that an x + y path 
avoids F if it contains no vertex of F. A digraph G = (V, E) is said to be (strongly) 
connected when for any pair of vertices x,y E V there always exists an x + y path. 
The connectivity (or vertex-connectivity) of G, JC = K(G), is the smallest number of 
vertices whose deletion results in a digraph that is either non-connected or trivial. The 
edge-connectivity of G, I = I(G), is defined analogously. Throughout the paper G 
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stands for a connected igraph. So 6(G) 3 1. It is well-known that K < ,4< 6 . Hence, 
G is said to be maximally connected when K = 2 = 6, and maximally edge-connected 
when I = 6. The study of connectivity properties in graphs and digraphs has special 
relevance to the design of reliable and fault-tolerant interconnection networks. See, for 
instance, the survey of Bermond et al. [2]. 
We recall here that in the line digraph LG of a digraph G each vertex represents an 
edge of G, that is V(LG) z E(G), and a vertex uu is adjacent o a vertex wz if u = w 
(i.e. whenever the edge (u, u) is adjacent o the edge (WJ) in G.) The k-iterated 
line digraph, LkG, is defined recursively by LkG = LLk-‘G. From the definition it 
is evident that the order of LG equals the size of G, IV(LG)I = (E(G)/, and that 
their minimum degrees coincide, S(LG) = 6(G) = 6 . Moreover, if G is d-regular 
(T-(X) = P(x) = d for any x E V), d > 1, and has order n and diameter D, then 
LkG is also d-regular and has dkn vertices and diameter 
D(LkG) = D(G) + k. (1) 
See, for instance, [11, 161. (In fact, (1) still holds for any strongly connected igraph 
other than a directed cycle, see [l].) Also, since the vertices of LG correspond to the 
edges of G, it can be shown that K(LG) = A(G). We finally recall that if G is bipartite 
with partite sets Va and Vi , so is LG with partite sets that represent the edges from 
Vi to VO and the edges from VO to Vi. 
Similar notation and results apply, and are well-known, for (undirected) graphs. For 
all the definitions not given here we refer the reader to the book of Chartrand and Les- 
niak [5]. However, for our purposes, we will deal with a (simple) graph G by consider- 
ing its associated symmetric digraph G*, i.e. the digraph obtained from G by replacing 
each edge xy f E by the two directed edges (x, y) and (y,x) forming a “digon”. The 
basic reason is that K(G*) = K(G) and, since a minimum edge-disconnecting set cannot 
contain digons, also A( G* ) = n(G). 
In order to study the connectivity of graphs and digraphs, the authors [7] introduced 
a new parameter related to the number of short paths, the definition of which is as 
follows. 
Definition 1.1. For a given digraph G = (V, E) with diameter D, let e =d(G), 1 d 8 Q D, 
be the greatest integer such that, for any x, y E V, 
1. if d(x, y) 6 4, the shortest x + y path is unique and there are no x + y paths 
of length d(x, y) + 1; 
2. if d(x, y) = /, there is only one shortest x + y path. 
In [7] it is shown that this parameter satisfies an equality like (1 ), namely, 
4(LkG) = f(G) + k. (2) 
Obviously, the same definition applies for a graph G (considering undirected paths). In 
this case, it turns out that the parameter L = e(G) = &‘(G* ) equals [(g - 1)/Z] where 
g = g(G) stands for the girth of G. 
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Recently, some sufficient conditions for a graph or digraph to have maximum con- 
nectivity have been given in terms of the diameter and the parameter 8. Thus, in [7, 81, 
we can find the following theorem: Let G be a digraph with minimum degree 6 > 1, 
diameter D, parameter G = d(G), and connectivities K and A. Then 
lC=6 ifDQ2e-1, (3) 
A=6 ifD<2L. (4) 
This result has some interesting corollaries for both graphs and digraphs. See 
[12, 14, 17, 181, and the above-mentioned references [7, 81. Some improvements of 
these results can be obtained if other relevant parameters of G are known. For in- 
stance, in [9] the order of G is also taken into account. 
Let G = (V,E) be a maximally edge-connected digraph. Then, any set of edges 
adjacent from (to) a vertex x with out-degree (in-degree) 6 is certainly a minimum 
order edge-disconnecting set. Similarly, if G is maximally connected, and different 
from a complete symmetric digraph, then the set of vertices adjacent from (to) x, is a 
minimum order vertex-disconnecting set. In this context, such an edge or vertex sets 
are called trivial. Note that the deletion of any trivial set isolates a vertex of in-degree 
or out-degree 6. Furthermore, an edge or vertex set that does not contain a trivial set 
will be called nontrivial. 
A digraph G is said to be super-edge-connected, for short super-l, if every minimum 
edge-disconnecting set is trivial. Analogously, G is said to be super-connected, or 
super-k-, if every minimum disconnecting set is trivial. If G is super-1 (super-K), then 
A = 6 (JC = 6) but, as it is readily seen, the converse is not true. The following result 
was proved by the authors in [7]: Let G be a digraph with minimum degree 6 > 3, 
parameter / = e(G) 2 2, and diameter D. Then, 
G is super+ if D Q 26 - 2 (5) 
G is super-2 ifD<2e-1. (6) 
The corresponding corollaries for iterated line digraphs and for graphs can also be 
found in [7]. 
For a super-x digraph G we define its super-connectivity K, = K,(G) as the minimum 
cardinality of a nontrivial set of vertices, if any, whose deletion disconnects G. The 
super-edge-connectivity 1, = 1,(G) is defined in a similar way. Thus, it is clear that 
ICY,& 3 6 + 1. In [8] it was proved that the conditions in (5) and (6) are sufficient to 
assure a better lower bound for these parameters, namely, 
KS B 26 - 2 ifDd2d-2; (7) 
1, 326-2 ifDd2& 1. (8) 
Without more information about the structure of G, that is all we can infer from the 
given conditions. Indeed, note that if G contains a digon with vertices x and y of out- 
degree 6, then the set F = T+(x) U T+(y)\{x, y} could be an example of nontrivial 
disconnecting set with IFI < 26-2 vertices. Then we would have K,(G), 1,(G) < 26-2. 
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2. Maximally connected bipartite digrapbs 
This paper is devoted to study the case when G is bipartite. In this section we begin 
by characterizing maximally connected bipartite (di)graphs. 
Between any two vertices in a bipartite digraph there are no two paths whose lengths 
differ by one. Hence, the following simplified definition of the parameter e holds. 
Definition 2.1. For a given bipartite digraph G, let Z! = e(G), 1 < / < D , be the 
greatest integer such that, for any two vertices x,y E V at distance d(x, y) < e, the 
shortest x -+ y path is unique. 
The following notation is also used. Let F c V and x E V\F. For each f E F such 
that d(x,f) < 8 , the vertex adjacent with x in the unique shortest x + f path is 
denoted by v(x -+ f ). Analogously, let v(x --f F) = {v(x --) f) : f E F’, d(x, f) < l}. 
A constructive proof of result (3) is based on the next lemma [8], which is also used 
in the proof of our new results. Roughly speaking, it states that from any vertex it is 
possible to move further away from a given vertex set of cardinality smaller than 6. 
Lemma 2.2. Let G = (V, E) be a digraph with minimum degree 6 > 1, andparameter 
e={(G). Let F c V, (FI < 6, x E V/F. Then, in G\F there exist x -+ x’ and x” -+ x 
paths such that d(x’,F) > k’ and d(F,x”) 3 d. 
Proof. We will only prove the existence of x’ because the same reasoning using the 
converse digraph of G shows the existence of x”. Let C’(x) be the set of vertices 
that can be reached from x in G\F. Then it s&ices to prove that, given any w E 
C+(x) such that d(w,F) -C e, there exists a vertex z E V\F, adjacent from w, such 
that d(z,F) $ d(w,F) + 1. Since Iv(w -+ F)I < 6 - 1 < 6+(w), there exists a ver- 
tex 2 E r+(w)\v( w -+ F) which clearly does not belong to F, and that satisfies 
d(z, f) 2 d(w, f) - 1 for any f E F. So, d(w, f) > t’ implies d(z, f) 2 8. Moreover, 
if d(w, f) = G it must also be d(z, f) 2 /; otherwise, we would have two w + f 
paths, one of them going through z, of length 8. Finally, if d(w, f) < L, the con- 
sideration of the same paths and the definition of 4’ leads to d(z, f) 2 d(w, f) + 1 as 
claimed. 0 
Theorem 2.3. Let G = (V,E) be a bipartite digraph with minimum degree 6 > 1, 
parameter / = d(G), diameter D, and connectivities K and 1. Then, 
(a) lc=6 fD<28; 
(b) 1=6 ifD<2/+1. 
Proof. To prove (a), let F c V, JFI -c 6. We will show that if D < 2k’ + 1, then 
between any pair of vertices x,y E V\F there is an x + y path that contains no 
vertex of F. According to Lemma 2.2, in G\F there are x -+ x’ and y’ + y paths 
such that d(x’, F) 3 C” and d(F, y’) 2 8. Hence, all x’ + y’ paths which go through F 
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have length at least 2e. Moreover, the proof of such a lemma shows that any vertex 
x” adjacent from x’ and not in v(x’ + F) also satisfies d(x”,F) > /. Vertices x’ and 
x” belong to different partite sets of G. Thus, either d(x’, y’) or d(x”, y’) is at most 
D - 1 and so either a shortest x’ + y’ path or a shortest x” + y’ path avoids F if 
D - 1 < 26. Hence we can construct an x + y path, containing either x’ and y’ or 
XI’ and y’, which avoids F. 
Case (b) is a corollary of (a). Indeed, assume that (b) does not hold and let G be 
a bipartite digraph with minimum degree 6, parameter 8, diameter D < 2d + 1, and 
edge-connectivity 1 < 6. Then its (bipartite) line digraph LG would have minimum 
degree 6, parameter e’ = 4 + 1, diameter D’ = D + 1 d 26 + 2 = 2,!‘, and connectivity 
K’ = A < 6, a contradiction. 0 
Lesniak implicitly proved in [ 131 that if G is a digraph on n vertices, such 
that 6+(x) + 6-(y) 3 n - 1 for any nonadjacent vertices x and y, then G is 
maximally edge-connected. This result can easily be derived as a consequence of Jo- 
livet’s theorem [12]: Every (loopless) digraph with diameter 2 has maximum edge- 
connectivity. 
The corresponding results for bipartite digraphs are given in the following corollaries 
of Theorem 2.3. 
Corollary 2.4. Every bipartite digraph with diameter 3 has maximum edge-connect- 
ivity. 0 
Corollary 2.5. Let G be a bipartite digraph other than a bipartite complete symmetric 
digraph, so that D 2 3, with V(G) = ViUVl. ZfS+(x)+G-(y) > /cl for any x, y E VT 
(where, as usual, 0 = 1 and i = 0), then G is maximally edge-connected. 0
For graphs we get the following result. 
Corollary 2.6. Let G be a bipartite graph with minimum degree 6 > 1, diameter D, 
girth g, and connectivities K and A. Then, 
(a) rc=;S ifD<g-2; 
(b)l=difD<g-1. 0 
Corollary 2.6(b) (or Corollary 2.4) implies the recent result of Plesnik and Znim [15], 
that is, any bipartite graph with diameter 3 has maximum edge-connectivity. 
Because of Eqs. (1) and (2), the sufficient conditions of Theorem 2.3 hold if the 
iteration order k of an iterated line digraph LkG is large enough. To be more precise: 
Corollary 2.7. Let G be a bipartite digraph with minimum degree 6 > 1, diameter 
D, and parameter 8 = e(G). Then, the connectivities of LkG satisfy 
(a) tc(LkG) = 6 tfk B D - 24; 
(b) A(LkG) = 6 if k > D - 2e - 1. 0 
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3. Superconnected bipartite digraphs 
This section is devoted to obtain the analogous results of (7) and (8) for bipartite 
digraphs. The proof of (7) and (8) is based on the following lemma which is similar 
to Lemma 2.2. 
Lemma 3.1 (Fiol et a1.[8]). Let G = (V,E) be a digruph with minimum degree 6 > 3, 
parameter / = d(G) >, 2, and connectivities IC = I = 6. Let F c V, 6 d IFI < 26 - 3, 
be a nontrivial set of vertices and let x E V\F. Then for any given F’ c F, 1 < IF’1 = 
IFI - 6 + 1 < 6 - 2, 
(a) there exists an x + x’ path in G\F such that d(x’, F’) 2 L - 1 and 
d(x’,F\F’) > L; 
(b) there exists an y’+ x path in G\F such that d(F’, y’) >/- 1 and d(F\F’, y’) >/I. 
Proof. Let us prove (a), case (b) being proved considering the converse digraph 
of G. Firstly, note that if Iv(x + F)I < 6+(n), there exists at least one vertex 
x’ E P(x)\v(x + F) which, reasoning as in the proof of Lemma 2.2, satisfies 
d(x’,F) 2 min{d(x,F) + l,/}. So, assume v(x + F) = T+(x). Let F1 be a set of 
6 - 1 vertices of F nearest from x, and let F2 = F\F,. Since F does not contain a 
trivial disconnecting set, we have d(x, F2) 3 2. Let y E r+(x)\v(x + F1 ). 
If d(x, F) = d(x, FI ) > &, then reasoning as in the proof of Lemma 2.2, d(y, FI ) > 8. 
Moreover, d(y, F2) > d(x,F2) - 1 > e - 1. So, the lemma holds when F’ = F2 for 
x’ = y. 
On the other hand, if d(x, F) = d(x, FI ) < 8 - 1 then, reasoning again as in Lemma 
2.2, d(y, F1) > d(x, FI) + 1. Let us consider the following two cases. 
(a) d(x, Fz) > e. In this case, d( y, F2) 2 d(x, F2) - 1 > 8 - 1. Thus, if d(x, F1) = 
G - 1, then d( y, F1) > 8 and, as above, the lemma holds when F’ = F2 for x’ = y. If 
d(x,Fl) < 8 - 1, then d(y,F) > d(x,F) + 1; 
(b) d(x,F2) d L - 1. As in case (a), d(y,Fz) > d(x,Fz) - 1. Given z E V, define 
the global distance from z to F as S(z) = CfEF d(z, f ). Thus, 
W)=~d(y,fD C(d(x,f)-l)+C(d(x,f)+l)~S(x)+l, 
/EF f@z f’E6 
since (Fl( = 6 - 1 and ]F2( = IFI - jFl( < 6 - 2. That is, although d(y,F) could be 
less than d(x,F), the global distance to F has increased. 
Now, it is clear that, by repeatedly applying the above reasoning, there exists an 
x + x’ path in G\F that satisfies the lemma for some F” c F, IF”1 = IF’I. That is, 
d(x’,F”) 3 8 - 1 and d(x’,F\F”) > e. To conclude the proof it remains to show that 
the same result holds for any given F’ c F, IF’1 = IF”I. To this end, it suffices to 
show that we can interchange the role of any two vertices f” E F” and f’ E F\F”. 
That is, we claim that, if E’ = (F”\{f”}) u {f’}, there is an x’ -+ w path (of 
length two) in G\F such that d(w,E’) > & - 1 and d(w,F\E’) 3 /. Indeed, in the 
first step we go from x’ to y E T+(x’)\ ( v x’ + F” U {f’}). Then, d(y, F”) B L, 
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d(y,f’) 2 6’ and d(y,F\(F”U{f’})) 2 8-l. Finally, go from y to w E P(y)\v(y + 
(F\E')). 0 
Theorem 3.2. Let G = (V,E) be a bipartite digraph with minimum degree 6 2 3, 
parameter 8 = f(G) 2 2, and diameter D. Then, 
(a) if D < 28 - 1 then G is supers and rcs > 26 - 2; 
(b) if D d 2e then G is super-1 and I, > 26 - 2. 
Proof. To prove (a), let F, IFI = 26 - 3, be a nontrivial set of vertices. (Since 4 2 2 
and G is bipartite, 1 VI > 2~5~; therefore every nontrivial set with less than 26 - 3 
vertices is contained in a nontrivial set with exactly 26 - 3 vertices.) It suffices to 
show that if D < 28, then between any pair of vertices x, y E V\F there is an x --+ y 
path avoiding F. According to Lemma 3.1, given any two disjoint subsets of F with 
cardinality 6 - 2, F’ and E’, there exist x + x’ and y’ --+ y paths in G\F such that 
d(x’, F’) 3 e - 1, d(x’, F\F’) > e; (9) 
d(E', y’) 2 e - 1, d(F\E’, y’) 2 e. (10) 
Thus, since F’ C-I E’ = 0, any n’ + y’ path which goes through F has length 28 - 1. 
Then, along the same lines as in the proof of Theorem 2.3(a), we only need to find an 
x’ -+ x” path in G\F with endvertices X’ and x” belonging to different partite sets and 
x” satisfying the same conditions (9) as x’. To this end, denote the vertices of F as 
fl,f2,..., f 26-3 in such a way that the vertices in F’ = Fi are f 2, f4, . . . , f 26-4, Let 
Xi E Ff(x’)\v(x’ + F{ U {f I}). Again by the definition of the parameter 8, it is easily 
checked that d(x’, F{ U { f 1)) 3 t! and d(x{, Fi) B G - 1 where Fi is the complementary 
set of F{ U {f 1) in F. Note that after this first step, the vertices of F that were at 
distance 2 e- 1 from x’ are now at distance 2 6’ from xi and vice versa, excepting f I 
which is still at distance > e from xi. Let us now iterate this procedure for each f i, 
2 < i d 26 - 3, in order to obtain the path xix;. _ .x&_~. That is, at the ith step such a 
path goes from x[_~ to xi where xi belongs to ~‘(x~_~)\v(x~_, + F,‘U{ f i})a So, vertex 
f i, i = 1,2, , _ . ,26 - 3, “keeps” its distance bound at the ith step and change it at the 
other steps. Hence, as 26 - 3 is odd, vertex x;~_~ = x” satisfies the claimed conditions. 
Case (b) is proved as a corollary of (a) by using the properties of line digraphs, as 
in the proof of Theorem 2.3(b). We now use the fact that, since a vertex set of LG is 
nontrivial iff the corresponding edge set of G is nontrivial, K~(LG) = A,(G). q 
By way of example, let us apply the above theorem to the following family of large 
bipartite digraphs (i.e. bipartite digraphs with a large order for its diameter and degree) 
proposed in [lo] by Fiol and Yebra: For any positive integers d, n, being d d n, the 
bipartite digraph BD(d,n) has set of vertices V = +2 x Z,, = {(a,i); CI E &,i E 77,) 
(as usual, Z, denotes the ring of integers modulo n), and each vertex (a,i) is adjacent 
to the vertices of 
r+((cr,i))={(Z,(-l)‘d(i+,)+t); t=O,l,...,d-1). 
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The digraph BD(d,n), with order 2n, is d-regular and has diameter D, [log, nl < D 6 
[log, n1 + 1. Moreover, the computations carried out in [lo] to evaluate D show that 
@?D(d,n)) >D - 2. Hence, by Theorem 3.2, the digraph BD(d,n) has super-edge- 
connectivity 1, 3 2S - 2 if D > 4, and super-connectivity K, 2 26 - 2 if D 2 5. 
The corresponding corollaries for iterated line digraphs and for graphs are the fol- 
lowing. 
Corollary 3.3. Let G be a bipartite digraph with minimum degree 6 2 3, parameter 
L = t!(G) > 2, and diameter D. Then, 
(a) if k > D - 2e + 1 then LkG is super+ and K,(L~G) 2 26 - 2; 
(b) if k 2 D - 28 then LkG is super-l and &(LkG) B 26 - 2. 0 
Corollary 3.4. Let G = (V, E) be a bipartite graph with minimum degree 6 2 3, girth 
g > 6, and diameter D. Then, 
(a) ifDGg-3 th en G is super-K and K,(G) > 26 - 2; 
(b) if D < g - 2 then G is super-A and A,(G) > 26 - 2. Cl 
From this result it can be shown that some of the largest known bipartite (d,D) 
graphs given in [4, 61 by Delorme and Bond are super-x and super-l, and have su- 
perconnectivities K,, I, 3 26 - 2. The same result holds for the bipartite Moore graphs 
with minimum degree q + 1, q a prime power, girth 6, 8 or 12, and diameter 3, 4 or 
6, respectively, see [3]. 
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